Abstract. Let A, B be two non-zero integers. Define the Lucas sequences {u n } ∞ n=0 and {v n } ∞ n=0 by u 0 = 0, u 1 = 1, u n = Au n−1 − Bu n−2 for n ≥ 2 and v 0 = 2, v 1 = A, v n = Av n−1 − Bv n−2 for n ≥ 2.
For any n ∈ Z + , let w n be the largest divisor of u n prime to u 1 , u 2 , . . . , u n−1 . We prove that for any n ≥ 5
Introduction
Let A, B be two non-zero integers. Define the Lucas sequence {u n } ∞ n=0 by u 0 = 0, u 1 = 1 and u n = Au n−1 − Bu n−2 for n ≥ 2.
Also its companion sequence {v n } ∞ n=0 is given by v 0 = 2, v 1 = A and v n = Av n−1 − Bv n−2 for n ≥ 2.
Let ∆ = A 2 − 4B be the discriminant of {u n } ∞ n=0 and {v n } ∞ n=0 . It is easy to show that v n = α n + β n and
Let p ≥ 5 be a prime. The well-known Wolstenholme's harmonic series congruence asserts that
In [3] , Kimball and Webb proved a generalization of (1.1) involving the Lucas sequences. Let r be the rank of apparition of p in the sequence {u n } ∞ n=0 , i.e., r be the least positive integer such that p | u r . Kimball and Webb showed that
provided that ∆ = 0 or r = p ± 1. In this paper we will extend the result of Kimball and Webb to arbitrary Lucas sequences. For any positive integer n, let w n be the largest divisor of u n prime to u 1 , u 2 , . . . , u n−1 . Here w n was firstly introduced by Hu and Sun [2] in an extension of the Lucas congruence for Lucas' u-nomial coefficients.
It is easy to check that either all u n are odd when n ≥ 1, or one of u 2 = A and u 3 = A 2 − B is even. So w n is odd for any n > 3. Also we can verify that either u n is prime to 3 for each n ≥ 1, or 3 divides one of u 2 , u 3 and u 4 = A 3 − 2AB. Hence 3 ∤ w n provided that n > 4. Finally we mention that w n is always prime to v n when n ≥ 3. Indeed, since u n = Au n−1 − Bu n−2 and (w n , Au n−1 ) = (w n , u 2 u n−1 ) = 1, we have w n and B are co-prime. And from
The Fibonacci numbers F 0 , F 1 , . . . are given by
And the Lucas numbers L 0 , L 1 , . . . are given by
Then by Theorem 1.1, we immediately have Corollary 1.2. Let p ≥ 5 be a prime. Let n be the least positive integer such that p | F n . Then we have
The proof of Theorem 1.1 will be given in the next section.
Proof of Theorem 1.1
For any n ∈ N, the q-integer [n] q is given by
Now we consider [n]
q as the polynomial in the variable q. Recenty Shi and Pan [5] established a q-analogue of (1.1) for prime p ≥ 5:
be the n-th cyclotomic polynomial, where ζ n = e 2πi/n . We know that Φ n (q) is a polynomial with integral coefficients, and clearly Φ n (q) is prime to [j] q for each 1 ≤ j < n. Indeed, using similar method, we can easily extend (2.1) as follows: Proposition 2.1. Let n be a positive integer. Then
For the proof of (2.1) and (2.2), the reader may refer to [5] . From (2.2), we deduce that
And the above congruence can be rewritten as
Since Φ n (q) is a primitive polynomial, by Gauss's lemma (cf. [4] , Chapter IV Theorem 2.1 and Corollary 2.2), there exists a polynomial G(q) with integral coefficients such that
Proof of Theorem 1.1. When ∆ = 0, the theorem reduces to Wolstenholme's congruence (1.1). So below we assume that ∆ = 0, i.e., α = β. Let p be a prime with p | w n , and let m be the integer such that p m | w n but p m+1 ∤ w n . Obviously we only need to show that
for each such p and m. Let K = Q( √ ∆) and let O K be the ring of algebraic integers in K. Clearly α, β ∈ O K . Let (p) denote the ideal generated by p in O K . We know that if if
Obviously either α or β is prime to P, otherwise we must have P is not prime to u j for any j ≥ 2, which implies that p | u j . Without loss of generality, we may assume that β is prime to P. Then for any m ∈ Z + , p m | k implies that p m | k.
Proof. Observe that σ : √ ∆ −→ − √ ∆ is an automorphism over K. Also we know that σ(p) = p ′ . Hence
Since p and p ′ are distinct prime ideals, by the unique factorization theorem, we have (p) m = p m p ′ m divides k.
